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Linearized Euler equation

∇p = −ρ
∂v
∂t

▶ pressure p
▶ particle velocity v
▶ ocean density ρ

assuming cylindrical symmetry:
v = [vr , vz ] −→ bivariate signal !
vr (t) : radial component
vz(t) : vertical component

IVAR recorder [Dahl and Dall’Osto, 2019]



Particle velocity in ecology too! | 3

JASA (2018)



Bivariate signals and representations | 4

Different but equivalent representations

vector x(t) =
[
x1(t)
x2(t)

]
complex x(t) = x1(t) + ix2(t)

x1

x2

x(t),x(t)

bivariate signal processing
←→

tools for the joint analysis / processing of 2 components x1(t) and x2(t)



Vector representation of bivariate signals | 5

x(t) = [x1(t), x2(t)]⊤ ∈ R2

▶ Special case of analysis of multivariate vector signals
Hannan (1970), Priestley (1981)

▶ Polarization in optics
Born and Wolf (1980), Goodman (1984), Mandel and Wolf (1995)

▶ Jones matrix-vector calculus
Jones (1941), Azzam and Bashara (1978)

▶ Instantaneous polarization attributes in seismology
Diallo et al. (2005), Roueff et al. (2006)



Complex representation of bivariate signals | 6

x(t) = x1(t) + ix2(t) ∈ C

▶ Circularity of random complex signals (rotational invariance)
Picinbono (1994), Amblard et al. (1996)

▶ Augmented representations ↑x(t) = [x(t), x(t)]⊤

Schreier and Scharf (2003, 2010), Adalı et al. (2011)

▶ Rotary components x ≡
∑

" +
∑

!

Blanc-Lapierre and Fortet (1953), Gonella (1972), Walden (2013)

▶ Instantaneous ellipse description for nonstationary bivariate signals
deterministic Lilly and Olhede (2010) random Schreier (2008)

EMD Rilling et al. (2007)
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existing approaches: no straightforward physical descriptions

feature x(t) ∈ R2 x(t) ∈ C desired
direct ellipse parametrization ✗ ✗ ✓

positive frequencies ✓ ✗ ✓

interpretable filtering relations ✗ ✗ ✓
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Monochromatic bivariate signal representation | 8

x1

x2

x(t), x(t)

χ

θ

φ

•

|a| c
os
χ

|a| sin |χ|

⟲ χ > 0

⟳ χ < 0 Polarization ellipse parameters
▶ a ≥ 0 intensity
▶ θ ∈ [−π/2, π/2] orientation
▶ χ ∈ [−π/4, π/4] ellipticity
▶ φ ∈ [0, 2π) phase

Jones vector: Vector representation (optics, seismology)

x(t) =
[
A1 cos(2πf0t + Φ1)
A2 cos(2πf0t + Φ2)

]
θ, χ← f (A1, A2, Φ1, Φ2)

Rotary components: Complex representation (oceanography, signal processing)
x(t) = A+e iθ+e i2πf0t θ ← g1(θ+, θ−)

+ A−e−iθ−e−i2πf0t χ← g2(A+, A−)
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A general framework for bivariate signal processing | 9

QFT for
bivariate
signals

spectral
analysis

LTI
filtering

time-
frequency
analysis

BiSPy

Instantaneous ellipse
Quaternion embedding
Polarization spectrogram
Generic representations

Unitary filters
Hermitian filters

Spectral synthesis
Wiener filtering

Original decompositions

Spectral densities
Covariances

Nonparametric estimation
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Quaternion Fourier transform for bivariate signals



Framework | 10

Ingredient #1 bivariate signal as complex signal embedded in H

x(t) = x1(t) + ix2(t) ∈ Ci ⊂ H

alike embedding a signal x(t) ∈ R into C

Quaternions
4D algebra i2 = j2 = k2 = −1 � ij = k, ij = −ji �

complex subfields of H: Ci = Span {1, i}, Cj = Span {1, j}, . . .

polar forms, 3D and 4D geometry, etc.
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Ingredient #2 adapt Fourier transform

Quaternion Fourier Transform (QFT)

X (f ) =
∫

x(t)︸︷︷︸
∈Ci

e−j2πft︸ ︷︷ ︸
∈Cj

dt ∈ H

Monochromatic polarized signal polar form by Bülow and Sommer (2001)

x1

x2

x(t), x(t)

χ

θ

φ

•

|a| c
os
χ

|a| sin |χ|

⟲ χ > 0

⟳ χ < 0

x(t) = ProjCi

{
ae iθe−kχej(2πf0t+φ)

}
↕ QFT

X (f ) = ae iθe−kχejφδf0(f ) + sym.

polar form ↔ physical parameters



QFT properties | 12

Existence for L1, L2 functions Jamison Ph.D. thesis (1970)
Easy to compute

x(t) = x1(t) + ix2(t) QFT←−→ X (f ) = X1(f )︸ ︷︷ ︸
1,j

+ iX2(f )︸ ︷︷ ︸
i ,k

For bivariate signals keep f ≥ 0 only (i -Hermitian symmetry)

X (−f ) = −iX (f )i , for x(t) ∈ Ci

2 invariants for finite energy signals (QFT Parseval theorem)∫ +∞

−∞
|x(t)|2 dt =

∫ +∞

−∞
|X (f )|2 df (energy)

∫ +∞

−∞
x(t)jx(t) dt =

∫ +∞

−∞
X (f )jX (f )︸ ︷︷ ︸
∈ span{i ,j ,k}

df (geometry)

[Flamant, Le Bihan, Chainais, 2017]



Stokes parameters | 13

Definition [Born and Wolf, 1980]

S0 = a2

S1 = a2Φ cos 2θ cos 2χ

S2 = a2Φ sin 2θ cos 2χ

S3 = a2Φ sin 2χ

standard description of
polarization properties in

optics

i, S3

S0

j, S1

S0

k, S2

S0

Φµ

2θ

2χ

Poincaré sphere

Basic quaternion calculus shows that:

|X (f )|2 = S0(f ), X (f )jX (f ) = iS3(f ) + jS1(f ) + kS2(f )

QFT Parseval invariants ←→ Stokes parameters ←→ spectral densities



Degree of polarization Φ | 14

0 1
Φ

partially polarized (fully polarized)(unpolarized)

⋯

⋯u

v

Φ
=.


Φ
=

      realizations

the degree of polarization Φ quantifies the statistical dispersion of ellipses

▶ deterministic signals Φ(f ) = 1,∀f
▶ random signals Φ(f ) ∈ [0, 1]



What about underwater acoustics ?



Stokes parameters of normal modes | 15

low-frequency acoustics in shallow water = normal modes
setting: broadband source Ω(f ) at depth zs , receiver at range r , depth z

p(f , r , z) ∝ Ω(f )
M∑

n=1
Ψn(f , zs)Ψn(f , z) e−jrkn(f )√

kn(f )r

▶ Ψn(f , z): modal depth functions of the waveguide
▶ kn(f ): complex wavenumber

write the pressure associated at mode n as pn(f ) = An(f )Ψn(f , z)

Vrn (f ) ≈ An(f )
2πf ρ

kn(f )Ψn(f , z) Vzn (f ) = j An(f )
2πf ρ

∂Ψn(f , z)
∂z

constructing the bivariate signal Vn(f ) = Vrn (f ) + iVzn (f )
−→ explicit expressions for the Stokes parameters of particle velocity
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Stokes parameters of normal modes | 16

simulated 2-layer seabed inspired by SBCEX17 (semi ∞ basement + layer)
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Time-frequency analysis of bivariate signals



Time-frequency analysis of real signals | 17

fundamental property: Hermitian symmetry of FT of real signals

Analytic signal of a real signal Gabor (1946), Ville (1948)
One to one corresp. between a real signal and its analytic signal

x(t) ∈ R←→ x+(t) ∈ C

a(t) cos[φ(t)]←→ a(t)e iφ(t)

Amplitude Modulation



Quaternion embedding of bivariate signals | 18

x(t) = x1(t) + ix2(t) X (−f ) = −iX (f )i (i -Hermitian symmetry)

Quaternion embedding
One-to-one correspondence

bivariate signal←→ quaternion embedding
x(t) ∈ Ci ←→ x+(t) ∈ H

Polar form: instantaneous attributes

x+(t) = a(t)︸︷︷︸
amplitude

× e iθ(t)e−kχ(t)︸ ︷︷ ︸
geometry

× ejφ(t)︸ ︷︷ ︸
phase

a(t) ≥ 0
θ(t) ∈ [−π/2, π/2]
χ(t) ∈ [−π/4, π/4]
φ(t) ∈ [−π, π]

Canonical quadruplet



Bivariate AM-FM signal model | 19

x(t) = ProjCi
{x+(t)} = a(t)e iθ(t) [cos χ(t) cos φ(t) + i sin χ(t) sin φ(t)]

0.8

1.0

1.2
a(t)

0

π/2

π

3π/2
θ(t)

0

π/8

π/4
χ(t)

time

[a
rb

. 
u
n
it

s]

ϕ ′(t)

x(t)

u(t)

v(t)

bivariate linear chirp w/ amplitude, orientation and ellipticity modulation
justifies a posteriori Lilly and Olhede’s (2010) parametric model



Polarization spectrogram | 20

Quaternion Short Term Fourier Transform
Extend the STFT to the QFT setting

Fg
x (τ, f ) =

∫
x(t)︸︷︷︸
∈Ci

g(t − τ)︸ ︷︷ ︸
∈R

exp(−j2πft)︸ ︷︷ ︸
∈Cj

dt

Theorems
{

inversion
conservation: energy geometry/polarization

|Fg
x (τ, f )|2 → Time-frequency energy density (S0)

Fg
x (τ, f )jFg

x (τ, f )→ Time-frequency-polarization features (S1, S2, S3)

new interpretable time-frequency-polarization representation



What about underwater acoustics ?



Polarization of normal modes in underwater acoustics | 21

IVAR data from the SBCEX17 experiment

impulsive source zs ≈ 20
m, r ≈ 16 km

IVAR detector
z ≈ 1 m above seafloor

preprocessing
geometric projection

[vx , vy ]→ vr

+ bandpass filtering
+ source deconvolution

time t[s]
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use the polarization spectrogram to reveal normal modes !



Polarization spectrogram of normal modes | 22

←→

←
→

←
→
←
→ ⟲ ⟳

mode polarization characterizes of the environement



More polarization in underwater acoustics



Stokes parameters: new observables for underwater acoustics | 24

back to SBCEX17 model: mud layer ( ) sand layer ( )
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Stokes parameters: geoacoustic inversion | 25

Bayesian framework
▶ data: noisy modal metrics (Stokes + group speed), Gaussian noise

with known covariance matrix
▶ each seabed parameter is inverted individually
▶ uniform prior

Posterior distributions
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Underwater ecology with polarization | 26

from light polarization ...



Underwater ecology with polarization | 27

... to particle motion polarization



Underwater ecology with polarization | 28

Sound-source localization by fish using local acoustic particle motion

[Zeddies, et al, 2011]



Take-home message | 29

▶ a general framework for bivariate signals
polarization physics mathematical guarantees easy to compute

▶ underwater vector acoustics offers exciting opportunities
new sensors general case: 3D particle velocity measurements

many open questions and challenges!
signal processing, environment, bioacoustics

Main references

� J. Bonnel, et al. (2021)“Polarization of ocean acoustic normal modes”.
The Journal of the Acoustical Society of America, 150(3), 1897-1911.

� J. Flamant, (2018) “A general approach for the analysis and filtering
of bivariate signals,” PhD thesis.



thank you for your attention !



Explicit expression of Stokes parameters | 30

source depth zs ; receiver depth z ; range r

complex wavenumber kn(f ) = k(r)
n (f )− jβn(f )

S0(f ) =
∣∣∣∣An(f , r , zs)

2πf ρT

∣∣∣∣2
[
|kn(f )|2Ψn(f , z)2 +

(
∂Ψn(f , z)

∂z

)2
]

S1(f )
S0(f ) =

|kn(f )|2Ψn(f , z)2 −
(

∂Ψn(f ,z)
∂z

)2

|kn|2Ψn(f , z)2 +
(

∂Ψn(f ,z)
∂z

)2

S2(f )
S0(f ) = 2βn(f )

Ψn(f , z) ∂Ψn(f ,z)
∂z

|kn|2Ψn(f , z)2 +
(

∂Ψn(f ,z)
∂z

)2

S3(f )
S0(f ) = −2k(r)

n (f )
Ψn(f , z) ∂Ψn(f ,z)

∂z

|kn|2Ψn(f , z)2 +
(

∂Ψn(f ,z)
∂z

)2 .



Observing the degree of polarization Φ | 31

Stokes s1, s2, s3 are independent from the source location

variations across experiments →
{

ambient noise
environemental fluctuations

assuming spatial homogeneity, constitute an experimental observation of Φ
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bivariate signal x(t)

=

polarized xp(t)

+

unpolarized xu(t)
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